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Abstract 

We study manifolds with Lorentzian signature and prove that all scalar curvature invariants of 
all orders vanish in a higher-dimensional Lorentzian spacetime if and only if there exists an aligned 
non-expanding, non-twisting, geodesic null direction along which the Riemann tensor has negative 
boost order. 



1 Introduction 

Recently PP it was proven that in four-dimensional (4D) pseudo-Riemannian or Lorentzian spacetimes 
all of the scalar invariants constructed from the Riemann tensor and its covariant derivatives of arbitrary 
order are zero if and only if the spacetime is of Petrov type III, N or O, all eigenvalues of the Ricci tensor 
are zero (the Ricci tensor is consequently of Plebahski-Petrov type (PP-type) N or O, or alternatively, 
of Segre type {(31)}, {(211)} or {(1111)}) and the common multiple null eigenvector of the Weyl and 
Ricci tensors is geodesic, shear-free, non-expanding, and non-twisting; we shall refer to these spacetimes 
as vanishing scalar invariant (VSI) spacetimes. An equivalent characterization of VSI spacetimes in 4D 
is that there exists an aligned shear-free, non-expanding, non-twisting, geodesic null direction £ a along 
which the Riemann tensor has negative boost order. All of these spacetimes belong to Kundt's class, 
and hence the metric of these spacetimes can be expressed in an appropriate form in adapted coordinates 
[21 E]. VSI spacetimes can be classified according to their Petrov type, Segre type and the vanishing or 
non-vanishing of the quantity r. This leads to 16 non-trivial distinct classes of VSI spacetimes, one of 
which is the vacuum pp-wave (Petrov type N, vacuum, r = 0) spacetime, in additional to the trivial flat 
Minkowski spacetime. All of the corresponding metrics are displayed in pQ. The generalized pp-wave 
solutions are of Petrov-type N, PP-type O (with r = 0), and admit a covariantly constant null vector 
field 0|. 

We shall study VSI spacetimes in arbitrary N dimensions (not necessarily even, but N — 10 is of 
particular importance from string theory) and, in principle, for arbitrary signature. However, we shall 
focus our attention on Lorentzian manifolds with signature TV— 2. We note that for Riemannian manifolds 
with signature N, flat space is the only VSI manifold. Manifolds with signature N — 4 with N > 5 are 
also of physical interest El- In [Zj we investigated iV-dimensional Lorentzian spacetimes in which 
all of the scalar invariants constructed from the Riemann tensor and its covariant derivatives are zero. 
These spacetimes are higher-dimensional generalizations of iV-dimensional pp-wave spacetimes, which 
have been of interest recently in the context of string theory in curved backgrounds in higher dimensions. 
We presented a canonical form for the Riemann and Weyl tensors in a preferred null frame in arbitrary 
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dimensions if all of the scalar curvature invariants vanish (thereby generalizing the theorem of to 
higher dimensions). We shall prove the assertions in this paper, and we shall briefly discuss the algebraic 
structure of the resulting spacetimes. In particular, we shall prove: 

Theorem 1 All curvature invariants of all orders vanish in an N -dimensional Lorentzian spacetime if 
and only if there exists an aligned non-expanding (Sij = 0), non-twisting (Aij — 0), geodesic null direction 
£ a along which the Riemann tensor has negative boost order. 

An analytical form of the conditions in Theorem ^ are as follows: 

Rabcd = 8A t £{ a n b £ c m l d} + 8B ijk m\ a m? h £ c m k d} + 8CV, £ {a m L b l c m? d} (1) 

(i.e., the Riemann tensor is of algebraic type III or N [3]), and 

L-,b = L n £ a £ b + L u l a m\ + L iX m\£ h ; (2) 

that is, the expansion matrix Sij = 0, the twist matrix Aij = (which are the analogues of p, a in 4D; 
see Section 1.2 for the definitions), as well as Lio = = L±a (corresponding to an affinely parametrized 
geodesic congruence £ a ; i.e., analogues of k, e + I, respectively - see Eq. (j^HJl). 

In this paper we shall first summarize the N dimensional null frame formalism, the algebraical clas- 
sification of a tensor based on boost order [S| 03 and the Bianchi identities and their consequnces for 
vacuum type III and N spacetimes |1U| . The sufficiency and necessity of Theorem ^ are then proven in 
Sections and |3| E] respectively. The paper concludes with a discussion. Many of the details of the 
analysis are found in the Appendices. 

1.0.1 Notation 

We shall consider a null frame £ = mo, n = m\, m,2, ... mjv-i {£, n null with l a l a — n a n a — 0, l a n a = 1, 
mi real and spacelike mi a m,j a = Sij, i = 2, ...,N — 1, all other products vanish) in an iV-dimensional 
Lorentz-signature space(time), so that 

9ab = 2^ (a n b ) + S jk m 3 a m k b . (3) 

Covariance is relative to the group of linear Lorentz transformations. Throughout, Roman indices 
a, b, c, A, B, C range from to N — 1. Lower case indices indicate an arbitrary basis, while the upper-case 
ones indicate a null frame. Space-like indices i, j, k also indicate a null-frame, but vary from 2 to N — 1 
only. We will raise and lower the space-like indices using 5^; e.g., Ti = b~ijTK We will observe Einstein's 
summation convention for both of these types of indices; however, for indices i,j... there is no difference 
between covariant and contravariant components and thus we will not distinguish between subscripts and 
superscripts. 

We also introduce the notation (compare with 0|H]) 

w {a x b y c z d } ee ^(w[ a x b] y [c z d] + w [c x d \y[ a z b] ) = ^{[wpX q }[y r z s }}. (4) 

1.1 Background 

A null rotation about n is a Lorentz transformation of the form 

h = n, rhi = mi + ZiTi, £ = £ — z,im l — ZiZj n. (5) 
A null rotation about i has an analogous form. A boost is a transformation of the form 



n = A 1 n, rhi = mi, £ = \£, A ^ 0. 



(6) 
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A spin is a transformation of the form 

n = n, m, A ; in ,. £ = £, (7) 

where Xf is an orthogonal matrix. 

Let T ai ... Q be a rank p tensor. For a fixed list of indices A±, A p , we call the corresponding T Ai ...a p 
a null-frame scalar. These scalars transform under a boost © according to 

f Al ...A p =X b T Al ... Ap , b = b Al +... + b Ap , (8) 

where 

b = l, bi = 0, h = -l. (9) 

We call the above b the boost-weight of the scalar. We define the boost order of the tensor T, as a whole, 
to be the boost weight of its leading term [Sj. 

We can then decompose the Riemann tensor and sort its components by boost weight: 



Rabcd = 4i? 0j 0j n{ a m l b n c m 3 d} + 8R i 0l n{ a l b n c m l d } + ARo^k n^ a m\m? c m " d} (10) 

f 4i? ioi "{a4iic^} + 4i? iy ri{ a £ b m l c m j d y 
f 8R iij n^ a m l b l c m? d ^ + Rijki m\ a m' J ' b m k c m l d y 
-l 



+ 8i?ioii £{anbZc-m l d} + 4Rlijk Z{ a m l b m 3 c m d} + 4R U ij £{ a m l b i c m? d } . 

The Weyl tensor C abcd has a boost- weight decomposition analagous to 1|10|) . Table ^ shows the boost 
weights for the scalars of the Weyl curvature tensor C a bcd- Thus, generically C a bcd has boost order 2. If 
all Coioj vanish, but some Coioi, or Coijk do not, then the boost order is 1, etc. The Weyl scalars also 
satisfy a number of additional relations, which follow from curvature tensor symmetries and from the 
trace-free condition: 

Com = 0, 
Coioj = Coij 1 , Co(ijfc) = 0> 

Coioi = Con l ,CQHj = —-Cikj k + -^Couj, Ci(jfei) = 0, 

Coiij = — Ciij L , Ci(ijk) = 0, 

Cui 1 = 0. (11) 
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1 





-1 


-2 


Coioj 




Coioi ) Couj , Coiij j Cijki 


Coiii, Ciyfe 


Cuij 



Table 1: Boost weights of the Weyl scalars. 



A priori, the assignment of a boost order to a tensor seems to depend on the choice of a null-frame 
0. However, a null rotation about £. fixes the leading terms of a tensor, while boosts and spins subject 
the leading terms to an invertible transformation. It follows that the boost order of a tensor is a function 
of the null direction k. We shall therefore denote boost order by B(k) (with the choice of a tensor C 
determined by context). We will say that a null vector k is aligned with the Weyl tensor C whenever 
B(k) < 1 El- We will call the integer 1 - B(k) e {0, 1, 2, 3} the order of alignment. 
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Definition 2 We will say that the principal type of a Lorentzian manifold is I, II, III, N according 
to whether there exists an aligned k of alignment order 0,1,2,3, respectively (i.e., B(k) — 1,0,-1,-2, 
respectively) . If no aligned k exists we will say that the manifold is of type G. If the Weyl tensor vanishes, 
we will say that the manifold is of type O. 

It follows that there exists a frame in which the components of the Weyl tensor satisfies: 

Type I : Coicy = 0, 

Type II : C i j = Coyfc = 0, 

Type III : Cmoj = Coijk = Cyfcl = Couj = 0, 

Type N : CoMj = Coijk — Cijki — Coiij = Cnjk = 0. (12) 

The general types have various algebraically special subtypes [0], which include (the following only lists 
the additional conditions for the algebraic specializations): Type la Coio? = 0, subclasses of Type II 
(with Coioi = 0, the traceless Ricci part of C^ki — 0, the Weyl part of C^ki = 0, and Coiij = 0), 
and Type Ilia Com = 0. Note that the conditions for the type II subcases can be combined to yield 
composite types. The full type of the Weyl tensor includes identifying its principal type and subclass 
and multiplicities, etc. [Hj. The special type D is defined by the fact that in canonical form all terms are 
of boost weight zero. For type III tensors, the principle null direction (PND) of order 2 is unique. There 
are no PNDs of order 1, and at most 1 PND of order 0. (For N = 4 there is always exactly 1 PND of 
order 0; for N > 4 this PND need not exist.) For type N tensors, the order 3 PND is the only PND of 
any order. 

1.2 Bianchi Identities 

Covariant derivatives of the frame vectors can be expressed as jlUj : 

i a -b = Lii£ a £ b + L w £ a n b + L u £ a m\ + Liim\£ b + L ia m\n b + Lijm 1 a m j b , (13) 
n a . b = -Lun a ib- L 10 n a n b ~ L li n a m\ + N il m l a £ b + N io m\n b + N i3 m t a m j b , (14) 
m\. b = —Nn£ a £b - N i0 £ a n b - L ix n a £ b - L io n a n b - N i3 £ a m j b 

i i i , . 

+Mji vn? a £ b - L i3 n a m? b + M j0 m 3 a n b + M kl m a m b (15) 

(where L\\ is the analogue of the spin coefficient 7 + 7 in 4D, etc.). 

Let us decompose L into its symmetric and antisymmetric parts, S and A, 

Lij = Sij + Aij, Sij = Sji, Aij = A.ji. (16) 

If £ corresponds to a null geodesic congruence with an affinc paramctrization, we can express the expansion 
9 and the shear matrix cry as 

= -^t a , a = -^[S], (17) 
n — I n — I 

0y = (t(a-,b) - 0S k im k a m l b ) m i a m :j b = S io - ——^o~ij- (18) 

For simplicity, let us call A the twist matrix and S the expansion matrix, although S contains information 
about both expansion and shear. We also introduce the quantities 

S=k[S], A 2 = iA y -A (J , (19) 

We next introduce directional derivatives D, A, and Si by 

D = £ a V ai A = n a V ai Si=mi a V a , V a = n a D + £ a A +m i a S i . (20) 
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Commutators then have the form 

AD -DA = LuD + LwA+LaSi-NioSi, (21) 

S l D-D5 l = (L M + N l0 )D + L l0 A+(L 3l -M ]0 )6^ (22) 

5iA-A5i = NaD + iLa-L^A+iNji-M^Sj, (23) 

SiSj-djdi = (Nij-Nj^D + iLij-LjJA+iMki-Mk^Sk. (24) 
For type III and type N vacuum spacetimes we will use the notation of |10) with 

= ClOH, ^ijk = T^lkij-, ^ ij = —Cuij ■ 

The Weyl tensor can be thus expressed as 

Cabcd = %^ l l {a n b l c m l d} + m ijk m l {a m 3 b i c m k d} + 8f ij £ {a m i b e c m j d} . (25) 

Case ^ijk 7^ is of the type III, while ^ijk = (and consequently also — 0) corresponds to type N. 
Note that f ^ is symmetric and traceless. ^ijk is antisymmetric in the first two indices and in vacuum 
also satisfies 1 

*i = 2*w, (26) 
*{m = 0. (27) 

Further constraints on t&y, ^ijk, S, A and t can be obtained by employing the Bianchi and Ricci 
identities 

Rab{cd;e] = 0, (28) 

V a , bc = V a , cb + R s abc V s , (29) 

where V is an arbitrary vector. 

The implications of the Bianchi identities (|28(l for vacuum type III and N spacetimes were studied 
in | 1U) . It was shown that for these spacetimes t is geodesic. Furthermore, if they have non- vanishing 
expansion S and twist A and u a , v , and w are orthonormal elements of the vector space spanned by 
vectors m" (see Sec. Ill and IV in ^U]) then: 

1) In vacuum type N spacetimes with S ^ it is always possible to choose vectors v and w for which 



^ij = \/o( U ^' ~ w i w j)i ( 30 ) 



Sij = S(viVj +WiWj), (31) 
A ki = A{w k vi - v k wi), (32) 



where 



p = (33) 



2) In vacuum type III spacetimes with 5 7^ 0, ^4^0, ^ and with "general form" of ^>ijk (see 
[TU| for details) it is possible to introduce a vector 

•F = AyVj (34) 



1 Note that we use two different operations denoted by {}. In the first case {} act on three indices and stands for 
R a b{cd;e} = Rabcd;e + Rabde;c + Rabec;d- in the other case {} act on four indices and is given by i-tt 
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and then express S, A, and ^ijk as 



1 



Mi = -2^%-%^), (36) 



V- 2 
1 



where 2 = V' 2 = "^i^j- We have treated all possible degenerate situations for the non- twisting 

case, Aij = 0, in arbitrary dimensions (see App. C.l in [10| ) and for the twisting case in five dimensions 
(see App. C.2 in (HI), and they all lead to special cases of the solution J2EJ - £I3 which are given explicitly 
in JOj- We assert that the solution (|HT|> is a general solution even for the twisting case in arbitrary 
dimensions. We have proven this in all of the general cases, and although we have not rigorously proven 
this for all of the degenerate cases there is evidence that it is indeed true. 



2 The Sufficiency Proof 

In this section we start with the assumptions of Theorem U and then show that all curvature invariants 
of all orders vanish. The corresponding form of the Riemann tensor l|Tjl. which implies appropriate types 
for the Weyl and Ricci tensors, was given in [7|. The congruence corresponding to t is geodesic with 
vanishing shear, twist and expansion; i.e., 

Lio — Lij = 0. (38) 
Let us, for simplicity, choose an affine parametrization and a parallely propagated frame. Thus 

iio = 0, AT i0 =0, M j0 =0. (39) 

Due to the Bianchi identities 

Rab{cd;e} = 0, (40) 

we can express how the operator D acts on A%, Bij k , and CV,-. Corresponding results may be obtained by 
evaluating the Bianchi identities with various combinations of null-frame indices, and by using the form 
JTJ of the Riemann tensor. For example, for indices lOliO we obtain 

DAi = 0. (41) 

The other two equations of interest are obtained by using, respectively, indices ijlkO and liljO: 

DB ijk = 0, (42) 

Ik i 

DQj = -B k3l L kl + AiL M + -M i:j A k + -5 3 A t . (43) 
Evaluating the Ricci identities 

L-bc ~ ta;cb = R d a bJd (44) 
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and using indices, lOi, iOl, and 110, respectively, yields 



From Eqs. l|35 )) -l|i7 |l . it follows that 
Similarly, evaluating 



DL U = 0, (45) 

DL a = 0, (46) 

DL U = -L u L a . (47) 

D 2 L n = 0. (48) 



Ua-bc - Tla-cb = R d a bc n d (49) 

with indices ijO and ilO, respectively, we get 

DNij = 0, (50) 

DN a = -N iJ L jl +A i . (51) 

From Eqs. lj4*T|) . (gSJ, and JSUJ) we obtain 

Z? 2 ^! = 0. (52) 

Evaluating 

m l a . bc - m l a . cb = R d abc m l d (53) 
with indices jOk and jlQ, respectively, we obtain 

DM jk = 0, (54) 

DMji = -M jk L kl . (55) 

From Eqs. and (|54^l we get 

D 2 Mji = 0. (56) 
Note that from the previous equations it also follows that 

D 2 C VJ = 0. (57) 

Let us now express covariant derivatives of the frame vectors and commutators for a geodesic, afhncly 
parametrized, expansion and twist free t and the rest of the frame parallely propagated along £ 

L-b = Lu£ a £ b + L li e a m l b + L lX m l a i h , (58) 

n a -b = -Lnn a £b - L li n a m t b + Nnm^aib + N l jm l a m j b, (59) 

m\, b = -NnlJb- Lnn a £ b - N l3 l a m j b + M^mP ' Jb + M kl m k a m l b ; (60) 

AD -DA = LuD + LnSi, (61) 

SiD-DSi = L U D, (62) 

SiA-ASt = N il D + (L il -L 1 JA+(N ii -M jl )5 j , (63) 

SiSj-SjSi = (Nij-NjjD + iMki-Mk^Sk. (64) 

Now we can proceed with the proof in a similar way to that in four dimensions pp. Thus, we will 
only outline the key points. In all of the proofs we recall that £ is geodesic and afhnely parametrized, the 
expansion and twist matrices vanish and the frame is parallely propagated along £. 
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quantity 


boost weight 


" D-equation" 


L u 


-1 


D 2 L U = 


Lu 





DL U = 


La 





DL a = 


N a 


-2 


D' 2 Nix = 


Nij 


-1 


DNij = 


M 3 k 





DM jk = 


% 


-1 


L> 2 M 3 i = 


At 


-1 


DAi = 


Bijk 


-1 


DB ijk = 




-2 


L> 2 C*y = 



Table 2: Properties of quantities which are relevant for our proof. 



Definition 3 We shall say that a weighted scalar r\ with boost weight b is balanced if D b rj = for b < 
and rj = for b > 0. 

In analogy with the proof in 4D (employing Table El and the commutators (jfiljl . I|f)2|l) we obtain 
Lemma 4 If rj is a balanced scalar then 

i i 

LnT], L u r), LnT], Nut), Nijr), Mjxr], M k ir), Dn, 5^, Arj 

are balanced as well. 

Definition 5 A balanced tensor is a tensor whose components are all balanced scalars. 

From H20|) and Lemma 0] (together with the assumptions in this section), it then follows that 

Lemma 6 A covariant derivative of an arbitrary order of a balanced tensor is again a balanced tensor. 

The Riemann tensor in the form Q is balanced from Eqs. (|41|l . I|42|l . (57). Consequently, all of 
its covariant derivatives are also balanced and thus all curvature invariants in this case vanish. This 
completes the sufficiency part of the proof. 

3 The Necessity Proof for Zeroth Order Invariants 

In this section we prove that the Riemann tensor for VSI spacctimcs necessarily has negative boost order. 

A scalar formed from the contractions of the Riemann curvature tensor is an invariant quantity in 
the sense that the contraction yields the same answer with respect to every choice of basis. There is 
an infinite number of different ways to perform such contractions. Hence, a given curvature tensor has 
associated with it an infinite set of invariants, some of which are generically non- vanishing. In this section 
we classify the algebraically special spacetimes characterized by the condition that all zeroth order (i.e., 
algebraic) invariants formed from R a bcd vanish. Henceforth we shall refer to such spacetimes as belonging 
to the VSIo class. We will show that such spacetimes are necessarily of principal type III, N, or O, with 
an aligned Ricci tensor of type PP-N, PP-0 (or vacuum). 

A scalar invariant has boost weight zero. It follows immediately that if the boost order of the curvature 
tensor is negative along some aligned null direction £ a , then all scalar invariants must vanish. The converse 
is much harder to prove. In 4D it is well known |2"llll| that the vanishing of the fundamental second and 
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third-degree Weyl invariants, I = J = 0, implies that the principal type is III, N, or O. The condition 
that the Ricci tensor either vanishes or is of type PP-N or PP-0 and is aligned, follows easily. 

In higher dimensions, an entirely different approach is needed. We define a curvature-like tensor to 
be a rank 4 tensor with the following index symmetries: 

Rated Rbacd Rcdab- 

The class of curvature-like tensors is more general than the class of Riemann curvature tensors, because 
we do not impose the algebraic Bianchi condition 

Rabcd + Racdb + Radbc = 0. (65) 

Indeed, curvature-like tensors may be best characterized as symmetric, rank 2 tensors with bivector 
indices. On occasion we will, therefore, write curvature-like tensors as R a /3 — Rg a , where a, [3 are 
bivector indices as defined in Appendix IO 

To every curvature- like R a bcd we associate the rank 2, symmetric covariant 

Rab Racb ; 

which we will call the Ricci covariant. In addition, we could raise a bivector index and consider the 
transformation of bivector space Rj 3 (see Appendix C). By taking powers and then lowering an index 

(k) 

we obtain additional covariants: e.g., the following curvature like tensors R aS , 

R a/3 = ^ct 7 R^Pi R a/3 = Ra 1 R^ & Rs/3-, etc. 

Our main result is the following. 

Theorem 7 Let R a bcd be a non-zero, curvature-like tensor with vanishing zeroth order invariants. Then, 
R a g = 0, and there exists an aligned null direction £ a along which the boost order is negative. Generically, 

(2) 

that is for R a a ^ 0, the principal type is III, with 

Rabcd = 8Romn[ a £ b £ c m l d y + AR lijk £ y a m % h m? c m k d y + 4Ruij £{ a m l b£ c m j A y. (66) 

(2) 

// R a g = 0, then the principal type is N, with 

Rabcd = iRuij £{ a m\ £ c m :} d y. (67) 

The proof will be broken up into a number of lemmas that treat special cases (the proofs of the 
lemmas are given in the Appendices). 

Lemma 8 A curvature-like tensor of pure boost-weight zero possesses a non-vanishing invariant. 

Lemma 9 Let R a bcd be a curvature-like tensor with vanishing zeroth order invariants. If the Ricci 
covariant R a b ^ 0, then there exists an aligned null direction £ a along which the boost order of R a bcd is 
negative. 

Lemma 10 Let S a bcd be a symmetric, rank 4 tensor with vanishing zeroth order invariants. Then there 
exists an aligned null direction £ a ; i.e. Sonon = 0. 

(2) 

Lemma 11 Let R a b cd be a curvature-like tensor with vanishing zeroth order invariants. If R a3 = and 
Rab = 0, then there exists an aligned null direction £ a along which the boost order is negative. 

(2) 

Lemma 12 Let R a bcd be a curvature-like tensor with negative boost order. If R aS = and R a b = 0, 
then the principal type is N; i.e., j6'7| ) holds. 
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Proof of Theorem [7| If R a b ^ 0, then the Theorem follows by Lemma|5J Henceforth, we suppose that 
R a b = 0. If R ^a — 0, then the theorem follows by Lemma ITT1 and Lemma VPH Henceforth, we suppose 
that R {2 J p ? 0. 

By Proposition |201 of the Appendix, R a p is nilpotent. Hence, for some sufficiently large k we have 

We now consider two cases, depending on whether the covariant P ao = P ac b c is non-zero or whether it 
vanishes. In the first case P a b ^ 0, and we proceed as we did in the proof to Lemma[5]by constructing a 
rank 2 covariant 

Qab — ^a^-bt 

and then showing that the boost order is negative. If P a b = 0, then, we apply Lemma ITU and Lemma IT21 
to Pabcd to find an aligned £ a such that 

Pabcd = / tP lilj £ {a m l b £ c m : > d} . 

Consider the following rank-4 covariant 

Qabcd = PaebfPcJ = XWJd, A = ^ (P Ulj ) 2 > 0. 

Proceeding as in the proof of Lemma El we can show that 

^OiOl = Roijk = 0. 

Since components of negative boost weight cannot contribute to an invariant, Lemma |S] implies that the 
weight-zero components of R a bcd vanish. The theorem is thus proven. □ 



4 Necessity Proof 

In this Section we prove the necessity part of Theorem ^ assuming that the Riemann tensor has negative 
boost weight; i.e., the Weyl tensor is of type III, N or O and the Ricci tensor is of type N or O as was 
shown in Theorem [7] 

We will explicitly express two differential Weyl invariants for type N and III vacuum spacctimes. 
These differential invariants were originally used for similar proofs in 4D ^3 ^ IQ| and, as in 4D, they 
are zero only if both the expansion and twist vanish. Though the resulting expressions are simple, the 
calculations are quite extensive even with the use of Maple. 

We cannot repeat similar calculations for non-vacuum spacetimes since, at present, the consequences 
of the Bianchi identities for non-vacuum spacetimes have not been fully studied and thus we cannot 
employ possible non- vacuum analogs of i[iffl|l - (|37J) . For non- vacuum spacetimes we thus prove existence 
of non-vanishing differential Ricci invariants if t is not geodesic or if it is expanding or twisting. The 
explicit form of these invariants may be reconstructed from the proof if necessary. 



4.1 Type N vacuum spacetimes 

Curvature invariants of the zeroth and first order (i.e., invariants containing the Riemann tensor and its 
first covariant derivative) vanish. Curvature invariants of the second order lead to invariants of matrices 
^ij i|25|) and L (|16fl . Let us explicitly calculate the second order invariant 

j /~*abcd\rsr~i /~itmun;vw si / £Q\ 

1 ^amcn;rs^ ^tbud;vw V / 



11 



given in |13| . This expression can be rewritten as a polynomial invariant constructed from the components 
of the matrices \& and L which contain more than thousand of terms. A typical term is, for example, 

2 ^ ij ^ U ^mr^kt-^jk-^lm^np^nq^rp^rq^rs^ts: 

which, due to Lemma 1 in [TJJ|, can be simplified to 2 7 p 2 (S 2 + A 2 ) 4 . We note that it is efficient to use 
part (f) of this lemma as often as possible, and only afterwards to decompose L into S and A and use 
the remaining equations in Lemma 1 . Extensive algebraical calculations in Maple lead to 

I = 3 2 2 w p 2 (S 2 + A 2 )\ (69) 

This invariant clearly vanishes only if both quantities S and A are equal to zero, and we have thus 
completed the necessity part of the proof for type N vacuum spacetimes. 

Let us check this formula in 4D. The relations between the frame vectors m 2 and m 3 and the standard 
null tetrad vectors m and fh are 

m a = -Um 2 Q -zm 3 Q ), rh a = -^(m 2 a + im 3 a ). (70) 
V 2 v 2 

In 4D, St has two independent real components, ^22 and V E , 23, which are related to the complex ip^ = 

C abcd n a fh b n c m d by 

1p4 = 2(*22 +«*23), V>4 = 2(*22 ~ i^2s), Mi = 4(* 2 2 2 + #23 2 )- (71) 

Now we can recover the formula for the invariant / in 4D |13| : 

I AD = Z 2 2\e 2 +uj 2 f^l (72) 

by using S = 0, A = u>, p = ^f/^V^- 



4.2 Type III vacuum spacetimes 

The zeroth order curvature invariants again vanish; however, we can calculate the first order non- vanishing 
invariant 

illl — ^oramje^ ^lbrd;s l'°J 

given in Due to Eqs. (|35p 1371) . we can express this invariant, after extensive calculations in Maple, 
as 

l m = 64(S 2 + A 2 ) 2 [9V^ 2 + 27^(Op P + PF ) + 28{O pp + O pf ) 2 ] , (74) 

where O pp = PaP PaPl O pf = PaF PaF . 

We note that O pp , O pf , and if) are non- negative and for type III spacetimes at least one of them is 
positive and thus the VSI condition for type III vacuum spacetimes implies S = A = 0. We also note 
that the solution 135|) (|37|) is expressed for simplicity in a frame which is adapted to the twisting case 
with non- vanishing 'J'i. However, this solution may be also expressed in another frame in which we obtain 
the non- twisting case by simply putting A = and the case with ^ = by putting = 0. Thus we 
can obtain the resulting expressions for the invariant lm in these special cases by substituting A — or 
i/j = in Eq. (|74|l . We remark that the completeness of the proof for the vacuum type III case relies on 
the solution (|35H 1371) being a general solution. Although there is good analytical evidence to support 
this for six dimensions and there is some support in higher dimensions, we have not rigorously proven 
this in all the degenerate cases (of measure zero) for the twisting case in dimension six and higher. 
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4.3 Ricci invariants 

In this section we show that for non-vacuum PP-N and PP-0 spacetimes there exist non-vanishing first 
and second order (in derivatives) Ricci invariants if t is not geodesic or if it admits expansion or twist. 
We start with proving several lemmas and then we apply them to the PP-N and PP-0 cases separately. 

Lemma 13 If there exists a null frame in which a tensor T of rank 2 is of pure boost order zero, then 
T possesses a non-vanishing invariant. 

Proof. We prove this lemma by contradiction by assuming that a second rank tensor of pure boost order 
zero, 

Tab = T 01 n a £ b + T 10 £ a n b + T^m\m? b , (75) 
has vanishing algebraical scalar invariants. Consequently, 

T^) ee T ab T c b = T Q1 T w (n a £ c + £ a n c ) + T is T js m t a m? c (76) 

and 

T (2) T (2)a C = 2(T 01 ) 2 (T W ) 2 + T§>T§\ (77) 

where 

T% } =T sl T SJ . (78) 
Thus, if T has vanishing algebraical invariants then 

TV = =► Tn = and T 01 T 10 = 0. (79) 

Now, considering that 

T ab T ba = (T 01 ) 2 + (T 10 ) 2 + TijTji (80) 

we conclude that 

T i = Tio = (81) 
and thus a non-vanishing T cannot have vanishing algebraical invariants. □ 

Lemma 14 If there exists a null frame in which a tensor T of rank 2 has boost order zero, then T 
possesses a non-vanishing invariant. 

Proof. Every tensor T with boost order zero can be divided into two parts 

T = T (0) + T (-) ( 82 ) 

where is of pure boost order zero and T^ - ** has negative boost order. 

Clearly T 1 - - - 1 does not affect any invariant of T, and thus this Lemma is a direct consequence of the 
Lemma ED d 

Lemma 15 If there exists a null frame in which a tensor T of rank 3 has pure boost order zero, then T 
possesses a non-vanishing invariant. 

Proof. We again prove this lemma by contradiction. A general form of a third rank tensor of pure boost 
order zero is 

T abc = T iin a i b m l c + T wi i a n b m l c + T Qil n a m l b e c + T li0 £ a mln c 

+T im m a n b £ c + T ilQ m l a £ b n c + T ljk m a m J b m k c . (83) 
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Let us now construct from T several second rank pure boost order zero tensors. If T has vanishing 
algebraical invariants, then all of these tensors have to vanish according to Lemma [TBI In fact, we do not 
need to express these tensors fully, we just need some of their components: 

T a bcT d cb £ a n d = TouTiio + TouTkh, (84) 
T a bcT a d b £ c n d = TquTuq + T iw T iw , (85) 
T a bcT a d b n c £ d = TqjiTio, + T i0 iT i0 i. (86) 

An appropriate linear combination of Eqs. I|84|) - (|86[l leads to 

TuqTho + TjoiTioi = (87) 

and thus 

Tiio = Tjoi = 0. (88) 
Other components of pure boost order zero tensors of rank 2 are 

T a b c T b d c £ a n d — TquTqu + TqhTho, (89) 

T abc T b d c n a £ d = T m T wi + T U0 T m , (90) 

T a bcT d ba ( c n d — TuqTho + TuqTiqi, (91) 

T a bcT d ba n c £ d = TquTqu + TioiToii- (92) 

From the vanishing of Eqs. (f%%f - lf§2"|) . it follows that 

Ton = Tioi = Tuo = Tqh = 0. (93) 

Now we need only one last invariant 

T a b c T abc — 2TouTiQi + 2ToiiTuo + 2Xioi7iio + TijkTijk (94) 
which thanks to Eqs. (|88(l and Ij93(l vanishes only if 

T ljk = 0. (95) 
Thus if T has vanishing algebraical invariants then T vanishes. □ 

4.3.1 PP-N spacetimes 

For PP-N spacetimes the Ricci tensor has the form [J] 

Rab = Ki{l a m\ + m\t h ) + A£J b , (96) 

with Ki ^ for at least one value of i. 
Now a tensor of rank 3 

T a bc = Rab;aR a c (97) 

has boost order zero, and thus (Xemmall5[l for VSI spacetimes all of its components with boost weight 
zero have to vanish. By expressing the component 

Tijk — KiLj Kk + L i0 KjKk, (98) 

and multiplying this equation by L^o and by contracting k with j, we obtain 

(K t L t0 ) 2 + LioLioKjKj = (99) 
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which implies 

L i0 = 0; (100) 

i.e., t is geodesic, and thus also 

M Q0 = 0. (101) 

Assuming that Eqs. I|1UU|) and (|101f) are satisfied, we find that the first covariant derivative of the Ricci 
tensor R a b ;c has the boost order and thus for VSI spacetimes all of its components of boost weight 
must vanish. From 

R irM = l.,,K, + L lk K 3 = 0, (102) 
and contracting i with j, it follows that 

L ik Ki = 0. (103) 
Multiplying Eq. (|102[) by Kj and using (|103[) leads to 

KjKjLtk = (104) 

which implies that 

Uj = 0; (105) 

i.e., the expansion and twist matrices are zero. 
4.3.2 PP-O spacetimes 

For PP-0 spacetimes the Ricci tensor has the form [7] 

R ab = AiJ b . (106) 
The covariant derivative R a b-,c, has boost order 0. The boost weight zero component 

Ru-,0 = AL i0 (107) 
has to vanish from the VSI condition and thus 

Uo = (108) 

and £ is geodesic. We choose the affine parametrization with Lio = 0. Now, the second rank tensor R ab . c c 
has boost order 0. Thus the component with boost weight 

R lJ;A A = 2AL jk L ik (109) 

has to vanish from the VSI condition and consequently 

Lij = 0, (110) 

i.e., the expansion and twist matrices are zero. 

5 Discussion 

We have proven that in N-dimensional Lorentzian spacetimes the boost order of the Riemann tensor 
is negative along some aligned non-expanding, non-twisting, geodesic null direction l a if and only if all 
scalar curvature invariants vanish (generalizing a previous theorem in 4D pQ). We emphasize that even 
though our main focus has been the Lorentzian geometry case, some results from the more general theory 
(TV-dimensional, real vector space equipped with an inner product g a f, with no assumption about the 
signature) have been developed. 
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In the Lorentzian case, we have provided strong evidence for the following conjecture (the algebraic 
VSI conjecture): any tensor with vanishing algebraic scalar invariants must necessarily have negative 
boost order along some aligned null direction. We have given a proof of this conjecture for arbitrary 
dimensions and for the following tensor types: bivectors in Proposition 1271 symmetric rank 2 tensors in 
Corollaryl^l and for the general class of curvature-like tensors in Theorem^ Lemmas 1 141 and IT5l provide 
additional evidence for this conjecture. 

We note that all of the VSI spacetimes have a shear-free, non-expanding, non-twisting geodesic null 
congruence {. — d v , and hence belong to the "generalized Kundt" class [7]. 

There is a number of potentially important physical applications of VSI spacetimes. For example, 
it is known that a wide range of VSI spacetimes (in addition to the pp-wave spacetimes |15l I16p are 
exact solutions in string theory (to all perturbative orders in the string tension) |17) . Recently, type-IIB 
superstrings in pp-wave backgrounds with an RR five-form field were also shown to be exactly solvable 
[T8| . Indeed, many authors ^3 EH nave investigated string theory in pp-wave backgrounds in order to 
search for connections between quantum gravity and gauge theory dynamics. 

In the context of string theory, it is of considerable interest to study Lorentzian spacetimes in higher 
dimensions. In particular, higher dimensional generalizations of pp-wave backgrounds have been con- 
sidered ^3 |20j ! including string models corresponding not only to the NS-NS but also to certain R-R 
backgrounds |211 12*2*] , and pp- waves in eleven- and ten-dimensional supergravity theory . In addi- 
tion, a number of classical solutions of branes |2U in higher dimensional pp-wave backgrounds have been 
studied in order to better understand the non-perturbative dynamics of string theories. In particular, 
a class of pp-wave string spacetimes supported by non-constant NS-NS H 3 or R-R F p form fields were 
shown to be exact type II superstring solutions to all orders in the string tension [22] - I n this class 
of 10-dimensional superstring theory models the pp-wave metric, the NS-NS 2-form potential and the 
3-form i?3 background, which depends on arbitrary harmonic functions b m (x) (d 2 b m = 0, m= 1,2, ...) 
of the transverse coordinates Xi , are given by |2~2"] 

ds 2 = dudv + K{x)alu 2 + dx 2 + dy 2 n , i = l,...,d, m = d + 1, .., 8 , (111) 

B 2 = b m (x) du A dy m , H 3 = dib m (x) dxi A du A dy m (112) 
where the only non-zero component of the generalized curvature is 

Ruiuj = --didjK - -dib m djb m . (113) 

These solutions are consequently of PP-type O and of principal (algebraic Weyl) type N. 
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like to thank Dalhousie University for hospitality while this work was carried out. AC and RM were 
supported by research grants from NSERC, VP was supported by research grant GACR-202/03/P017 
and AP by grant KJB1019403. 

A Appendix: Indefinite Signature Inner Products 

Let < p < q be integers, and let R P:<? denote W +q equipped with a signature (p, q) inner product 

Y J X X Y X - A A V\ X x ,Y x eH p+q . 

Let SO Pj ,j be the corresponding group of (p, ^-orthogonal transformations. We consider a collection X x 
of mutually orthogonal null vectors. In other words, for all values of collection indices i,j we have 

p p+q 
Y,X X X X - X X X X = Q. (114) 

A=l A=p+1 
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Proposition 16 A collection of mutually orthogonal null vectors, Xi X E R p,g , has at most p linear 
independent elements. 

Proposition 17 Let X, x 6 R p,iz be a collection of p, or fewer, linear independent, mutually orthogonal 
null vectors. Then, there exists a (p, q) isometry T „ € SO p g such that the transformed collection of 
mutually orthogonal vectors 

Y x = T\ Xf 

has the form = Yi l+P = 1, with all other components 0. 

Corollary 18 LetX x € R p ' 9 be an arbitrary collection of mutually orthogonal null vectors. Then, there 
exists a (p, q) isometry T x ^ € SO Pi9 such that the transformed collection of mutually orthogonal vectors 

\r X rp\ y 

satisfies 

Yi X — Yi X+p , X = 1, . . . ,p, and Y l x =Q,X>2p. 

B Appendix: the Petrov Normal Form 

Even though our focus is Lorentzian geometry, some signature-independent results need to be developed. 
Let gse be an iV-dimensional, non-degenerate inner product; we make no assumptions about signature 2 . 
Let T = Ts e be a general, rank 2 tensor. For each k = 1, 2, . . . , N — 1 let 

= tW = = t/ 2 T 63 • • • Tf 1 

e £l €2 f-k 

denote the k th power invariant of T. The following is well known |29|: 

Theorem 19 Every scalar invariant of T has a unique representation as a polynomial of the power 
invariants ctq, . . . , Cjv-i ■ 

Corollary 20 A rank 2 tensor T has vanishing zeroth order invariants (i.e., is VSLq) if and only if it 
is nilpotent; i.e., = for some k>0. 

Next, we consider a symmetric, rank 2 tensor Q$ e = Q e s- The normal forms described below are a 
specialization of the normal forms described by Petrov > and the proof of the following result can be 
found therein. 

Theorem 21 If a symmetric tensor Q$ e belongs to the VSIq class, then there exists a basis, 

K e , A = 1, . . . ,r; v = l,...,dx , 
and a sequence of block signatures a\ — ±1, such that 

X.v X.p 



fJSc 



X.v 



A,f+1 X,p 

Y, ox K {5 K e) , (116) 



where X = 1, . . . , r, where v — 1, . . . , d\, and we are letting p = d\ + 1 — v. 



2 As a notational reminder we will use <5, e, 7 to index tensors in the more general setting, and reserve a, b, c as indices of 
tensors in a Lorentzian setting. 
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Corollary 22 Let Qs e be a symmetric, rank 2 tensor. If Q^ 2 \ t — 0, then 



A A 



> v+q A A 

A=l A=p+1 



where the K tl A = 1 . . . ,p + q, are mutually orthogonal null vectors; i.e., K e K e = 0. 

Proof. Conditions 1115fl and 1116(1 arc equivalent to the statement that the linear transformation Qs £ 
has the action 

A,l A, 2 A,d A 

K e -> K e -> .. . -> K e -> 0. (117) 



Since Q 



(2), 



0, we have that d A = 1 or 2 for all A. We then rearrange our basis so that a\ = l,d\ 



for A = 1, . . . ,p, so that o\ — — 1, cZa = 2 for A = p + 1, . 
obtain the desired form by setting 



■ ,p + q, and so that d\ = 1 for A > p + q. We 



A 

K, 



A. 2 



A = 1, 



□ 

Conditions (|115fl and (|116fl are equivalent to the assertion that gs t and can be simultaneously 
put into block diagonal form: 



96t 



such that the blocks have the form 



Gj 



( 



Qs 



Q 



qJ 



A 

G = 



Q = 







V o 



Thus, there are four kinds of blocks, depending on the block signature a p and on the block parity — a 
block being called even or odd according to whether d\ is even or odd. The basis vectors of an even block 
are pairs of conjugate null vectors. The same is true for odd blocks, save that the middle vector is either 
a unit space-like, or a time-like vector depending on whether the signature a\ is +1 or —1, respectively. 
The following table summarizes the four possibilities, and the corresponding signatures of the blocks: 



a x parity 



A 

sig. G 



sig. 



+ 1 even (|<2 A , |dx) 

-1 even {\d\,\d\) 

+ 1 odd (i(d A + l),i(d A -l)) 

-1 odd (I(d A -l),i(d A + l)) 



(|d A ,id A -l) 
[\dx-h\d x ) 
(|(d A - 1), \{d x - 1)) 
(§(d A -l),i(d A -l)) 



Summing the signatures of all the blocks we arrive at the following result. 

Proposition 23 Suppose that a symmetric Q$ e has vanishing zeroth order invariants (i.e., is VSIq). 
Then, the signature of the inner product gs e is given by 



N 



N-<Jr, 



where a Q = c A ; 

d\ odd 



(118) 
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and the signature of Q$ e by 



N -v + a e N — v — a t 



where a e = a\. (H9) 

d\ even 

As a particular case of the above proposition, suppose that g ab has Lorentz signature, (N — 1, 1). In 
this case, Eq. (|118fl is a very strong constraint on the size and number of odd and even blocks. Indeed, 
there can be at most one block of size 2 and signature (1, 1), or one block of size 3 and signature (2, 1). 
The possibilities are summarized below. 

Corollary 24 Suppose that g ab has Lorentz- signature. Then, there exists a null- frame £ a ,n a ,mi a relative 
to which a VSIq Q ab takes on exactly one of the following normal forms: 

Qab = 0; (120) 
Q ab = ±tj b ; (121) 

Qab = V™V ( 122 ) 



C Appendix: Bivectors 

Henceforth, we assume that g a b has Lorentz signature. A bivector is a rank 2 skew-symmetric tensor. 
The vector inner product g ab naturally induces a bivector inner product 

gap = \{g ac gbd - gadgbc), a = (a, b), f3 = (c,d). 

We use a = (a, 6), a < b to denote a bivector index, and henceforth use a, [3, 7, . . . to denote bivector 
indices. A bivector index can take on N(N — l)/2 possible values; this is the dimension of the vector 
space of all bivectors. The inner product of two bivectors J a = J ab , K a = K a b can also be characterized 
as the total contraction 

g a p J a K p = J a K a = J ab K ab . 

A bivector K a will be called null if K a K a — 0. Every null-frame £ a , n a , mi a induces a basis of 
bivectors consisting of the N — 2 pairs of conjugate, null bivectors ly a m l ^ n^ a m l b ^, the negative-norm 
bivector £[ a n b ], and |(JV — 2)(JV— 3) positive-norm bivectors m % ,rn? b ^. It follows that the bivector inner- 
product g a p has signature (i(JV — 1)(N — 2), N — 1). 

It can be shown that for even N a bivector K a always admits at least one aligned, real, null 
direction, while for odd N it is possible that there is no real aligned, null direction. The boost weights 
of the components of K ab are given by 

10-1 

K ab = 2K 0l n[ a m\] + 2K 01 n[ a £ b ] + K i3 m % y a m? b \ + 2Ku ^[ a «A] • 

For an aligned (or singly aligned) bivector we can set Koi = (but Kn is not zero) and for a bi-aligned 
bivector we can set K$i = Ku = 0. We can classify bivectors into alignement types (using notation 
consistent with [S]^]). We will say that a bivector is of type G if Kqi cannot be made to vanish, of type 
/ if K 0i = (but K i does not vanish), and of algebraically special type II if K oi — K i = Kij = 0. For 
type II, the bivector is aligned and Ku cannot be made to vanish; i.e., there is no bi-aligned subclass. 
For type /, we will say that the bivector is bi-aligned if = Ku — 0, and we shall refer to this case as 
type Ii (this case is akin to type Ila in the classification of the Weyl tensor j^j and could perhaps also 
be referred to as type D). We also note that in 4D, types Ii and 77 are referred to as types I and N, 
respectively 

A 

A collection of bivectors K a is null and mutually orthogonal if and only if 



Am Am Am Am 

2K 0i K 1 l + 2K u K l + K l3 K lJ - 2K m K m = 



(123) 
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for all A, (i. 

A 

Proposition 25 Let K ai X = 1, . . . ,r be a collection of null, mutually orthogonal, linearly independent 
bivectors. Then, r < N — 1. 

Proof. This follows directly from Proposition El D 

A 

Proposition 26 Let K a be a collection of null, mutually orthogonal bivectors with a common alignment, 

A A 

i.e., K{)i = 0. Then, there exists a null, bi-aligned bivector M a and scalars C\ such that Kij = C\Mij, 

A 

and Kqi ~ C\Mq\. 

Proof. Consider the sequence of type Li bivectors defined by 

M 0l = 0, M oi = K 01 , M y = Kij , M u = 0. 
For a fixed £ a , the vector space of type Li bivectors has signature (1, (N — 2) (TV — 3)/2). Hence, by 

A 

Proposition 1 161 the M a must be multiples of one another. □ 

Proposition 27 A bivector K a has vanishing zeroth order scalar invariants (V SLq ) if and only if it is 
of alignment type LL . 

Proof. Since an invariant has boost-weight zero, a K a b with negative boost order must have vanishing 
scalar invariants. Let us now prove the converse; i.e., we assume that K a b has vanishing scalar invariants 
and prove that necessarily the boost order is negative. 
Let us consider the symmetric rank 2 covariant 

Rab — K ac K b c . 

By Corollary [21 we can choose an aligned l a so that 

-Roo = Roi = Roi = Rij = 0. 

Since 

R 00 = ^(i^) 2 , 

i 

we have that Kqi = 0. From 

Ru = -2K 0i K u + ^2(K ik ) 2 , Ro X = tf* - ^ K m K u . 

k i 

we infer that K^ = Kqi = 0, as was to be shown. □ 

We note that these results may be of importance in the study of higher dimensional spacetimes with 
Maxwell- like fields 

D Appendix: The Proofs of the Lemmas 

Proof of Lemma [HJ Let R a bcd be a curvature-like tensor with terms of zero boost weight only. We 
argue by contradiction, and suppose that R a bcd has vanishing scalar invariants. By proposition 1201 



R^ k \bcd — 
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for a sufficiently large k. Consequently, R^abcd has vanishing zeroth order invariants for all j < k. Since 
R^'abcd is of pure boost weight zero we may, without loss of generality, suppose that R^abcd = 0. 
We decompose the curvature-like tensor as follows: 

Rabcd = ^abcd + Babcdj 

where 

Aabcd = 8i2o 10 i»{o4«c^d} + 4i? iy^{a4"i' c™ 3 d} + Rijkim 1 {am 3 b m k c m L d y; 
Rabcd = 8Ronjn{ a m l b£ c m J d y. 

Evidently, 

A a pB^ 1 = B aP A^ = 0, 

and hence, 

A {2) ab cd = B [2) abcd = 0. (124) 

Now, there are two cases to consider; either A a p vanishes, or it does not. If it does vanish, then 



R a bcdR adcb — 4^~] (Roiij) 2 



is a non-vanishing invariant. Thus, without loss of generality, A a p ^ 0. 

Note that A a p is a quadratic combination of type I{ bivectors. In Appendix [U] we showed that the 
vector space of type U bivectors has Lorentz signature. Hence, by Eqs. (|124|l and Corollarv l22l 

A a j3 = ±K a Kp, 

where K a is a null, type Ii bivector; i.e., 

-2 (K i) 2 + KijKV = 0. 

Consequently, Kqi ^ 0, and hence, 

floioi = 4noi = ± (#~oi) 2 + 0. 

The matrix Xij = Bonj is nilpotent by ^ 124(1 . and hence, X* = 0. Let R ab = R a cb c be the Ricci 
covariant. We have 

Rqi = —#oioi + Ron 1 = — 4ioi + Xi 7^ 0. 

Hence 

RabR ab = (Roi) + RijR % ^ 

is a non- vanishing invariant. We have established a contradiction and hence proved the lemma. □ 

Proof of Lemma [9| Corollary 1241 gives normal forms for R ab with vanishing invariants. We choose an 
aligned £° so that 

-Roo = #oi = #oi = Rij = 0. (125) 

If R a b = 0, then all contractions vanish. Assuming that R a b ^ 0, we can construct a non-vanishing 
covariant of the form 

Qabcd — ^a^b^c^d- 

To obtain this covariant we use R a bRcd or R ae R%Rcf #{;, depending on whether R a b has the form (|121(l 
or the form l|122|) . respectively. The vanishing of the invariant 

Q abCd RaebfR c e d f = (#0i0j) 2 j 
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implies that 

RoiOj = 0. (126) 
We set T a p — R( 2 ' a p and note that the vanishing of the invariant 



Qabcdrji rri e f \ * /rji \2 
J-aebfJ-c d — / J K 1 OiOj ) 

ij 

implies that 

Toioj — RQiabRoj ab = 0. (127) 
We define the following sequence of bivectors 

i 

K a b = Roiab'j 

these are aligned because of Eq. I|126|) . Also, by Eq. (|127fl . we have that 

i 3 

Toioj = K a K a = 0. 
By Proposition 1261 there exist Mjk, Mqi and Ci such that 

M jk NP k - 2M i 2 = 0, (128) 

and such that 

i i 
Roijk = Kjk — CiMjk, RoiOl — Koi — CiMq\. (129) 

By Eq. JESJ, 

Roj = Roijo + Roij 1 = —CjMoi + CiM-" = 0. 
Hence, since Mi is skew-symmetric, we have 

CJR Qj = -C j CjM 01 + C j C l M tj = -M i ^(Cj) 2 = °- 

j 

Hence either Cj = or Mqi = 0. In the second case, My- = and Eq. (|128|l is satisfied. In both cases, 
byEq. (IHOT) 

^0i01 = Roijk = 0. 

Since components of negative weight cannot contribute to an invariant, Lcmma[S] implies that the weight- 
zero components of R a bcd also vanish. □ 

The proof of lemma 10 is given in . 
Proof of Lemma II H Setting 

Sabcd = R(a\ef\bR. 

we have 

S'oooo = y^(-RotOj) 2 - 

Using Lemma 10, we choose £ a such that 6*0000 = 0, and hence 

RoiOj = 0. (130) 

By Corollary 

P A A P+q A A 

R a(3 = Y J K a K - K <* K Pi (131) 

A=l A=p+1 



c d) ; 
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A 

where, without loss of generality, p < q, and where the generating bivectors K a are linearly independent, 
null, and mutually orthogonal (|123fl . Set 



Xi = K 0i , X = l,...,p + q,i = 2,...,n-l, 



and note that, by Eq. l|13Up . 

v P+1 

Rowj = Xi X Xj X — Xi X Xj X = 0, 

A=l A=p+1 

for alii, j = 2, . . . , N — 1. Hence by Corollary 1181 we may, without loss of generality, assume that 

A A+p A 

K 0i = K 0i , \=l,...p, and K Ql = 0, A > 2p. (132) 

For A = 1, ... ,p, we set 

A A A+p A A A+p 

for A = p + 1 , . . . , q we set 

A A+p 

F — K 



Now, Eq. (|131|> may be re-expressed as 



p A A « A A 



R a/3 = Y,2E {a F 0) + F « F P- ( 133 ) 

A=l A=p+1 

By Eq. I|132|) the F Q) are aligned. Since they are null and mutually orthogonal, we have by Proposition 
1261 that there exist Fij,Foi and C\ such that 

fyF* ~ 2F 01 2 = 0, (134) 

and such that 

A A 
Fij = C\Fij, F i — C\F i. 



Setting 

v 



E a — C\E a , 

A=l 

we have, by Eq. (|133fl . 

Rom — EoiFoi, Roijk — EoiFjk- 
The assumption R a b = implies that 

Rot = —Rqmi + Roji J — Ram = — -Eoi-Foi + EojFi 3 = 0. 
However, Fij is skew-symmetric, and hence 

EoiRo 1 = —EaiEo i Foi + EoiE jF l: > — —F i '^^(Eoi) 2 = 0. 

i 

Therefore, either E oi — 0, or F i = 0. In the latter case, by Eq. I|128|) F^ = as well. In either case, the 
components of weight 1 necessarily vanish: i?oioi = Roijk — 0. Hence, by Lemma [H] R a bcd has negative 
boost order. □ 
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Proof of Lemma 1121 We define the following sequence of bivectors 

i 

K a b = Rliab', 

these are aligned because of the assumption of negative boost order. Also, by assumption, we have 

R ( %ij = K a K a = 0. 
Since R\j — 0, we can adapt the argument at the end of Lemma|^lto establish that 

RlMl — Rlijk = 0. 

□ 
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